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Abstract
With the help of computer algebra, I devise an exact unitary transforma-
tion for the Anderson impurity model which allows to kill the hybridization
term in the slightly simplified case of zero chemical potential. Then I compute
explicitly the outcome of this transformation. This is a rigorous version of the
well known Schrieffer-Wolff transformation. It should be possible to treat the
general case at the price of increased computation time.
1 Introduction
The Anderson impurity model describes a single magnetic impurity coupled to a
conduction band of electrons (for a recent review see [1]). The reduced Hamiltonian
with chemical potential µ is formally given by
H ′ = H − µN (1)
= H ′0 + (εd − µ)nd + Und,↑nd,↓ + g
∑
σ∈{↑,↓}
[c∗σ(V )dσ + h.c.] (2)
H ′0 =
∑
σ∈{↑,↓}
∫
dk [ε(k)− µ]c∗σ(k)cσ(k) (3)
c∗σ(V ) =
∫
dk V (k)c∗σ(k) = [cσ(V )]
∗ (4)
nd,σ = d
∗
σdσ (5)
nd = nd,↑ + nd,↓ (6)
‖V ‖2L2 = 1 (7)
where in fact one should pass to particle-hole representation and define a new H ′ (by
adding a diverging constant) bounded from below in the infinite volume limit. The
c’s and the d’s are standard Fermionic annihilation operators, we assume furthermore
{cσ(k), dσ′} = {cσ(k), d∗σ′} = 0 (8)
(In the following, I will note H instead of H ′.)
Using a Bethe-ansatz, the model was exactly solved in dimension d = 1 with
linear dispersion relation (without UV-cutoff) and a constant V [5]. But in the
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general case, apart from numerical renormalization [3], the common way to study
this model consists in trying to eliminate the hybridization term. This was first ap-
proximatively done by Schrieffer and Wolff [4]. This Schrieffer-Wolff transformation
leads to a renormalization of the energy impurity and of the repulsive interaction.
Furthermore it generates an anti-ferromagnetic spin-spin interaction between the
impurity and conduction band electrons. Thus, it maps the Anderson impurity
model to an effective s-d type model exhibiting Kondo effect.
But this transformation is equivalent to a second order perturbation treatment
and its validity is unclear. Furthermore, it becomes singular when the energy of the
impurity lies in the conduction band. In particular, it is not at all suitable in the
intermediate valence regime (of interest for certain rare earth compounds) where
the impurity energy is close to the Fermi level.
The Schrieffer-Wolff transformation was refined by Kehrein and Mielke by the
use of infinitesimal unitary transformations [2]. This leads to a smoother result but
it still relies on uncontrolled approximations.
In this paper, I want to study the possibility of an exact elimination of the hy-
bridization term through unitary transformation with the help of computer algebra.
As a first step, I will consider the slightly simplified case µ = 0, i.e. there are
only particles and no holes. In this case, I prove the existence of such a generalized
Schrieffer-Wolff transformation and I compute the resulting Hamiltonian as a s-d
type model (up to irrelevant terms) with an effective spin-spin interaction which is
anti-ferromagnetic in one channel.
Then I explain how the computation would be changed in the general case and
how one can then partly use the µ = 0 computation. This suggests that it should
be possible to treat also the general case.
2 Main result
Theorem 1 Let H be as in (2) with U > 0, µ = 0 and V
ε1/2
6∈ L2(IRd), then there
exist
• (t1, t2) ∈ IR2;
• (f1, f2) ∈ L2(IRd)2 with ‖f1‖2L2 = ‖f2‖2L2 = 1;
• and some unitary operators
U1 = exp
{
t1
∑
σ
[c∗σ(f1)dσ − h.c.]
}
(9)
U2 = exp
{
t2
∑
σ
[c∗σ(f2)d
∗
−σd−σdσ − h.c.]
}
(10)
such that
H2 = U2U1HU
∗
1U
∗
2 (11)
contains no term linear in cσ or c
∗
σ.
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The proof is through brute force. Using the above expressions as ansatz for U1
and U2, I compute (with the help of computer algebra) the effect of the two unitary
transformations as a function of (t1, f1; t2, f2) then I impose that the terms linear in
cσ or c
∗
σ vanish.
After simplification, I obtain the following expected result
Theorem 2 H is unitarily equivalent to an s-d type Hamiltonian
H2 = H0 + εRnd + URnd,↑nd,↓ +K1
[
c∗↑(f1)c
∗
↓(f1)d↓d↑ + h.c.
]
+
∑
σ∈{↑,↓}
i∈{+,−}
λic
∗
σ(ϕi)cσ(ϕi)−
∑
σ∈{↑,↓}
x∈{AF,F}
λxc
∗
σ(ϕx)cσ(ϕx)nd
+4
∑
x∈{AF,F}
λx~Sc(ϕx ⊗ ϕx).~Sd +HIrr (12)
S(i)c (ϕ⊗ ψ) =
∑
(τ,τ ′)∈{↑,↓}2
c∗τ (ϕ)
(σi
2
)
ττ ′
cτ ′(ψ), i ∈ {x, y, z} (13)
S
(i)
d =
∑
(τ,τ ′)∈{↑,↓}2
d∗τ
(σi
2
)
ττ ′
dτ ′ (14)
where HIrr is an irrelevant part (in the Renormalization Group sense) which consists
in a (large) number of terms of order at least 3 in c or c∗, and the σi are Pauli
matrices (thus the ~S’s are spin operators).
Furthermore, for values of the parameters (εd, U, g) in the so-called local moment
or intermediate valence regimes, one has
λAF > 0 and λF < 0 (15)
i.e. the resulting spin-spin interaction is anti-ferromagnetic in one channel.
Remarks
• Let us note that U1 and U2 preserve the original electron number and total
spin conservation as well as the U(1)× SU(2) symmetry. Therefore, the only
possible terms linear in cσ or c
∗
σ are∑
σ
[c∗σ(.)dσ + h.c.] and
∑
σ
[c∗σ(.)d
∗
−σd−σdσ + h.c.]
this means that I perform a kind of minimal transformation (2 adjustable
functions to meet 2 constraints).
• The Schrieffer Wolff transformation amounts to the particular choice
f1 ∝ V
ε− εd (16)
f2 ∝ V
(ε− εd) [ε− (U + εd)] (17)
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We will see that this is not so bad provided one replaces εd and U by their
renormalized value. Indeed I find
f1 ∝ V
ε− εR (18)
f2 ∝ a2 V
ε− εR + b2
V
(ε− εR)(ε+ µ2) where µ2 ∼ −(UR + εR) (19)
• Up to irrelevant terms, one can see that in H2 the channels nd = 1 and
nd ∈ {0, 2} are decoupled. Yet UR + εR ∼ −µ2 is negative but small (in the
local moment regime, I find that µ2 ∼ e−C|εd|/g2). Thus it is a priori not clear
in which channel will be the ground state of H2.
• Finally an important remark is that strictly speaking eliminating the hy-
bridization term is not enough because there remains a dangerous term in
H2, namely
W = K1
[
c∗↑(f1)c
∗
↓(f1)d↓d↑ + h.c.
]
(20)
The reason is that when one performs some Renormalization Group analysis on
H2, W combined with some cubic term in HIrr can generate back some terms
which are linear in cσ or c
∗
σ. Thus one should perform a third transformation
U3 = exp
{
t3[c
∗
↑(f3)c
∗
↓(f3)d↓d↑ − h.c.]
}
(21)
to kill also this term. This should a priori be possible, one then would have
to meet three constraints with three adjustable functions.It is easy to see that
there are no other dangerous term which could generate some part linear in
cσ or c
∗
σ.
This problem was totally overlooked up to know because people usually do not
worry about irrelevant terms. This is not too dramatic in the local moment
regime since in that case, one has
K1 ∼ e−C|εd|/g2 (22)
which means that the terms linear in cσ or c
∗
σ that are generated will in fact
remain small at least up to the Kondo Temperature scale.
3 Proof of theorem 1
3.1 Principle of the computation
The unitary transformations that I consider in this paper are of the form U(t) = etΓ,
and the general problem is, given an observable O, to compute
O(t) = etΓOe−tΓ (23)
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O(t) is solution of the following differential equation
d
dt
O(t) = etΓ[Γ, O]e−tΓ = [Γ, O](t) (24)
O(t = 0) = O (25)
Thus the problem amounts to find a finite (possibly large) set {O1 = O,O2, . . . , On}
whose span is stable under commutation with Γ.
[Γ, Oi] =
∑
j
MijOj (26)
Then one has just to integrate the first order linear equation
dXt
dt
=MXt with Xt=0 = (O1, . . . , On) (27)
The difficulty comes from the large value of n (for the second transformation,
n ≈ 150) which makes the problem in practical impossible to solve by hand, thus
the need for computer assistance.
The computation was done on a Unix workstation running Mathematica, us-
ing a personal implementation of Fermionic operator algebras. The computation
time is hard to assess because computation went in parallel with code writing and
furthermore the whole process is not yet automated and requires an heavy human
participation.
I can nevertheless estimate a kind of effective computation time (human+computer)
which is of order of a few months. This proves that such computations are tractable.
3.2 First Unitary transformation
Let H1 = U1HU
∗
1 , α1 = cos(t1) and β1 = sin(t1), this transformation is quite easy
to compute since one can check that
cσ(f1)
U17−→ α1cσ(f1)− β1dσ (28)
dσ
U17−→ β1cσ(f1) + α1dσ (29)
cσ(k)
U17−→ cσ(k) + f1(k)[(α1 − 1)cσ(f1)− β1dσ] (30)
An important simplification coming from the case µ = 0 is the fact that the
second transformation does not affect the “c∗σ(.)dσ” part. Therefore I can set it to
zero at this stage. The constraint reads
(ε+ λ1)f1 = g
α1
β1
V (31)
λ1 = g
α1
β1
(1− α1) 〈f1, V 〉 − (1− α1) 〈f1, εf1〉+ gβ1 〈V, f1〉 − α1εd (32)
This leads to the following equation for λ1
λ1 = g
2
〈
V,
1
ε+ λ1
V
〉
− εd (33)
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from which one can see that λ1 is real, just like 〈V, f1〉.
Let us consider
εd(λ) = g
2
〈
V,
1
ε+ λ
V
〉
− λ, λ ∈ (0,+∞) (34)
it is easy to see that this is a strictly decreasing function ranging from +∞ (because
V
ε1/2
6∈ L2) to −∞. Therefore it admits an inverse function λ1(εd) > 0 giving the
unique solution to (33).
Since λ1 > 0, f1 ∈ L2(IRd) and the normalization condition fixes α21 and β21 .
α21 =
1
1 + g2M21
6 1 (35)
M21 =
〈
V, (ε+ λ1)
−2V
〉
(36)
Finally, choosing α1 and β1 to be positive, one obtains.
H1 = H0 + C1d
∗
↑d
∗
↓d↓d↑ + C3[c
∗
↑(f1)c
∗
↓(f1)d↓d↑ + h.c.]
+C5c
∗
↑(f1)c
∗
↓(f1)c↓(f1)c↑(f1) +
∑
σ∈{↑,↓}
W (1)σ (37)
W (1)σ = C2[c
∗
σ(f1)d
∗
−σd−σdσ + h.c.]−
C3
2
[c∗σ(f1)c−σ(f1)d
∗
−σdσ + h.c.]
+C3c
∗
σ(f1)cσ(f1)d
∗
−σd−σ + C4[c
∗
σ(f1)c
∗
−σ(f1)c−σ(f1)dσ + h.c.]
+C6[c
∗
σ(f1)cσ(εf1) + h.c.] + C7d
∗
σdσ + C8c
∗
σ(f1)cσ(f1) (38)
where the C’s are given by
x1 = gM1 (39)
C1 =
U
(1 + x21)
2
(40)
C2 = x1C1 (41)
C3 = x
2
1C1 (42)
C4 = x
3
1C1 (43)
C5 = x
4
1C1 (44)
C6 = −1 +
√
1 + x21 (45)
C7 = −λ1 (46)
C8 =
1
x21
{
(2 + x21)εd + (2− x21)λ1 − 2
√
1 + x21
[
εd + λ1(1− x21)
]}
(47)
3.3 Second Unitary Transform
By analogy with the first transformation, I will look for a function f2 satisfying
∀ k ∈ IRd, f1(k) f2(k) ∈ IR (48)
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The interested reader will find in appendix the differential equations governing
this transformation, from this one can reconstruct the integrated flow.
I note
α2 = cos(
√
2 t2) (49)
β2 = sin(
√
2 t2) (50)
Γi = 〈fi, εfi〉 i = 1, 2 (51)
ω12 = 〈f1, f2〉 (∈ IR) (52)
Γ12 = 〈f1, εf2〉 (∈ IR) (53)
Having the c∗σ(.)d
∗
−σd−σdσ term vanishing leads to the following constraint
(ε+ µ2)f2 = −ω12C6(ε+ µ1)f1 (54)
−ω12C6µ1 =
√
2
α2
β2
C2 − 2ω12C3 − ω12C8 − Γ12C6 (55)
µ2 = −α2(C1 + C7)− Γ2(1− α2) +
√
2
α2
β2
ω12C2(1− α2) +
√
2 β2ω12C2
−ω212(2C3 + C8)(1− α2)− 2Γ12ω12C6(1− α2) (56)
Using expression (54) one gets
ω12 = −ω12C6
[
1− (µ2 − µ1)
〈
f1,
1
ε+ µ2
f1
〉]
(57)
Γ12 = −ω12[C6(Γ1 + µ1) + µ2] (58)
Γ2 = ω
2
12C6[C6(Γ1 + µ1) + µ2 − µ1]− µ2 (59)
(60)
And from (31), (33) and (35)
Γ1 =
λ1 + εd
g2M21
− λ1 (61)
Substituting (58) into (55) yields
α22 =
Z2
Z2 + 2C22
< 1 (62)
Z = ω12
[−2C3 − C8 + C6µ2 + C6(C6 + 1)µ1 + Γ1C26] (63)
Then I choose (θ = ±1)
α2 =
θZ√
Z2 + 2C22
(64)
β2 =
−θ√2C2√
Z2 + 2C22
(65)
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With this particular choice, ω12 disappears from equation (56) so that I can express
µ1 as a function of µ2.
µ1 = −2C
2
2 + (C1 + C7 + µ2) [−2C3 − C8 + C6(µ2 + C6Γ1)]
C6(C6 + 1)(C1 + C7 + µ2)
(66)
And from the normalization condition, one gets ω12 as a function of µ1 and µ2.
1 = 〈f2, f2〉 = ω212C26
[
−C6 + 2
C6
+ (µ2 − µ1)2
〈
f1,
1
(ε+ µ2)2
f1
〉]
(67)
Finally, substituting (66) into (57), we are left with the following equation
(1 + C6)
2(C1 + C7 + µ2) =
〈
f1,
1
ε+ µ2
f1
〉{
2C22
+(C1 + C7 + µ2)
[− 2C3 − C8 + C6(C6 + 2)µ2 + C26Γ1]}(68)
which after simplification becomes
ϕ(µ2) = 0 (69)
ϕ(µ) = U + (1 + x21)
2 (µ− λ1)
+
x21
1 + x21
(µ− λ1)
[
U − (1 + x21)2 (µ− λ1)
]〈
f1,
1
ε+ µ
f1
〉
(70)
Lemma 1
The equation ϕ(µ) = 0 has a unique solution µ2, furthermore µ2 ∈ (0, λ1).
Proof
• First, let us note that ϕ is a smooth function with
lim
µ→0
ϕ(µ) = −∞ (since V
ε1/2
6∈ L2) (71)
ϕ(λ1) = U > 0 (72)
This implies that there is at least one solution µ2 ∈ (0, λ1).
• For µ > λ1 we have ϕ(µ) > U > 0 at least as long as U−(1+x21)2 (µ−λ1) > 0,
i.e. as long as µ 6 λ1 + U(1 + x
2
1)
−2.
• For µ > λ1 + U(1 + x21)−2, we note that
ϕ(µ) = U + (1 + x21)
2 (µ− λ1)
− x
2
1
1 + x21
(µ− λ1)
[
(1 + x21)
2 (µ− λ1)− U
] 〈
f1,
1
ε+ µ
f1
〉
(73)
> U + (1 + x21)
2 (µ− λ1)
− x
2
1
1 + x21
(µ− λ1)
[
(1 + x21)
2 (µ− λ1)− U
] 1
µ
(74)
> U + (1 + x21)
2 (µ− λ1)− x21(1 + x21)(µ− λ1) (75)
> U + (1 + x21) (µ− λ1) > 0 (76)
Thus there are no solution in [λ1,+∞).
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• Finally, for 0 < µ < λ1, we have
ϕ′(µ) = (1 + x1)
2 +
x21
1 + x21
[
U + 2(1 + x21)
2(λ1 − µ)
]〈
f1,
1
ε+ µ
f1
〉
+
x21
1 + x21
(λ1 − µ)
[
U + (1 + x21)
2(λ1 − µ)
]〈
f1,
1
(ε+ µ)2
f1
〉
(77)
> 0 (78)
therefore there is a unique µ2 ∈ (0, λ1) such that ϕ(µ2) = 0.

Since µ2 > 0, f2 ∈ L2(IRd) and I can successively solve (66), (67) and (62).
µ1 =
x21
(1 + x21)−
√
1 + x21
λ1 − µ2√
1 + x21
− 2Ux
2
1
[U − (1 + x21)2(λ1 − µ2)]
[
(1 + x21)−
√
1 + x21
](λ1 − µ2) (79)
ω212 =
[
(µ2 − µ1)2(
√
1 + x21 − 1)2
〈
f1, (ε+ µ2)
−2f1
〉− x21
]−1
(80)
α22 =
N2α2
D2α2
(81)
Nα2 = (µ2 − µ1)(
√
1 + x21 − 1)− x21
[
2U
(1 + x21)
2
+ λ1 − µ1
]
(82)
D2α2 = N
2
α2
+
2U2x21
(1 + x21)
4
ω−212 (83)
Furthermore, f2 is given by
f2 = −ω12(
√
1 + x21 − 1)
(
ε+ µ1
ε+ µ2
)
f1 (84)
This concludes the proof of theorem 1.
4 s-d type Hamiltonian
After simplification, I find that the initial Anderson impurity Hamiltonian H is
unitarily equivalent to H2 whose interacting part, up to irrelevant terms, consists in
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a potential scattering term and a s-d exchange term.
H2 = H0 + εRnd + URnd,↑nd,↓ +K1
[
c∗↑(f1)c
∗
↓(f1)d↓d↑ + h.c.
]
+
∑
σ
Wσ − 4Wsd +HIrr (85)
Wσ =
{
K5 [c
∗
σ(f1)cσ(εf1) + h.c.] +K6c
∗
σ(f1)cσ(f1)
}
+
{
K2c
∗
σ(f1)cσ(f1) +K3c
∗
σ(F2)cσ(F2)
+K4 [c
∗
σ(f1)cσ(F2) + h.c.]
}
nd (86)
Wsd = K2~Sc(f1 ⊗ f1).~Sd +K3~Sc(F2 ⊗ F2).~Sd
+K4
[
~Sc(f1 ⊗ F2) + ~Sc(F2 ⊗ f1)
]
.~Sd (87)
F2 = (ε+ µ2)
−1f1 (88)
The various coefficients have the following expression
εR = −λ1 (89)
UR =
U
(1 + x21)
2
[
1− 2
√
2x1α2β2ω12 − β22(1− 2x21ω212)
]
+β22
{
λ1 − µ2 + ω212
[
x21(λ1 − µ1) + (
√
1 + x21 − 1)(µ1 − µ2)
]}
(90)
K1 =
x21(α2 −
√
2x1β2ω12)
(1 + x21)
2
U (91)
K2 =
ω212
4
(1− α2)KC2 + U
4(1 + x21)
5/2
KU2 (92)
KC2 = −x21
{
λ1
[
1 + α2 − x21ω212(1− α2)
]− µ1 [2− ω212(2 + x21)(1− α2)]
+µ2(1− α2)(1− 2ω212)
}
+
(√
1 + x21 − 1
){
2λ1
[
1 + α2 + x
2
1 − x21ω212(1− α2)
]
−µ1
[
4 + 2x21 − 4ω212(1− α2)− 3x21ω212(1− α2)
]
+µ2(1− α2)
[
2− (4 + x21)ω212
] }
(93)
KU2 = x
2
1
{
2− β22ω212 − 2
√
2β2x1ω12
[
1− (1− α2)ω212
]
+2x21ω
2
12(1− α2)
[
2− (1− α2)ω212
] }
+
(√
1 + x21 − 1
){
2
√
2β2x1ω12
[
1− 2(1− α2)ω212
]
+x21
[
2− (4− 4α2 − β22)ω212 + 4ω412(1− α2)2
]
+ 2β22ω
2
12
−2
√
2β2x
3
1ω
3
12(1− α2) + 2x41ω412(1− α2)2
}
(94)
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K3 =
Uω212
4(1 + x21)
2
(1− α2)(µ1 − µ2)2(2 + x21 − 2
√
1 + x21)[
1 + α2 − 2
√
2β2x1ω12 + 2x
2
1ω
2
12(1− α2)
]
−ω
2
12
4
(1− α2)(µ1 − µ2)2KC3 (95)
KC3 = λ1(2 + x
2
1 − 2
√
1 + x21)
[
1 + α2 − x21ω212(1− α2)
]
+µ1ω
2
12(1− α2)
[
4 + x41 − 4
√
1 + x21 + x
2
1
(
5− 3
√
1 + x21
)]
−µ2
{
2(
√
1 + x21 − 1)
[
1 + α2 + 2ω
2
12(1− α2)
]
+x21
[
1 + α2 + ω
2
12(1− α2)(3−
√
1 + x21)
]}
(96)
K4 = −ω
2
12
4
(1− α2)(µ2 − µ1)KC4 + Uω12(µ2 − µ1)
4(1 + x21)
2
KU4 (97)
KC4 = λ1
{
2
(√
1 + x21 − 1
)
(1 + α2) + x
4
1ω
2
12(1− α2)
−x21
[
2 + α2 − ω212
√
1 + x21 + 2ω
2
12(1− α2)
(√
1 + x21 − 1
)]}
+µ1
{
2(1 + x21)− ω212(1− α2)(4 + 5x21 + x41)
−
√
1 + x21
[
2 + x21 − ω212(1− α2)(4 + 3x21)
] }
+µ2
{
α2(2 + x
2
1) + ω
2
12(1− α2)(4 + 3x21)
−
√
1 + x21
[
2α2 + ω
2
12(1− α2)(4 + x21)
] }
(98)
KU4 = −x21ω12(1− α2)
[
1 + α2 − 2
√
2β2x1ω12 + 2x
2
1ω
2
12(1− α2)
]
+
(√
1 + x21 − 1
){
2β22ω12 +
√
2β2x1
[
1− 4(1− α2)ω212
]
−2x21ω12(1− α2)
[
1− 2ω212(1− α2)
] }
(99)
K5 =
√
1 + x21 − 1 (100)
K6 =
2 + x21 − 2
√
1 + x21
x21
εd +
2− x21 − 2(1− x21)
√
1 + x21
x21
λ1 (101)
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Then, I have to diagonalize the various quadratic forms. First I define
F3 = εf1 − Γ1f1 (102)
F4 = F2 − ω4f1 (103)
Γ1 = 〈f1, εf1〉 = λ1 + εd
x21
− λ1 (104)
ω4 = 〈f1, F2〉 =
〈
f1, (ε+ µ2)
−1f1
〉
(105)
=
1
x21
(1 + x21)(λ1 − µ2)
U − (1 + x21)2(λ1 − µ2)
U + (1 + x21)
2(λ1 − µ2) (106)
fi =
Fi
‖Fi‖ , i ∈ {3, 4} (107)
‖F3‖2 = 1
x41
[
g2x21 − (λ1 + εd)2
]
(108)
=
〈V, (ε+ λ1)−2V 〉 − 〈V, (ε+ λ1)−1V 〉2
〈V, (ε+ λ1)−2V 〉2
(109)
‖F4‖2 = ‖F2‖2 − ω24 (110)
‖F2‖2 = 1 + x
2
1ω
2
12
ω212(µ1 − µ2)2
(√
1 + x21 − 1
)2 (111)
This allows to rewrite
Wσ =
{
a1c
∗
σ(f1)cσ(f1) + c1 [c
∗
σ(f1)cσ(f3) + h.c.]
}
+
{
a2c
∗
σ(f1)cσ(f1) + b2c
∗
σ(f4)cσ(F4)
+c2 [c
∗
σ(f1)cσ(f4) + h.c.]
}
nd (112)
a1 = λ1 + εd (113)
b1 = 0 (114)
c1 =
1
x21
(√
1 + x21 − 1
)√
g2x21 − (λ1 + εd)2 (115)
a2 = K2 +K3ω
2
4 + 2K4ω4 (116)
b2 = K3‖F4‖2 (117)
c2 = ‖F4‖(K3ω4 +K4) (118)
It is then a standard exercise to diagonalize Wσ, and one should note that it
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allows also to diagonalize the spin-spin interaction. I will note
∆i = (ai − bi)2 + 4c2i (119)
λ± =
1
2
(a1 ±
√
∆1) (120)
λAF =
1
2
[√
∆2 − (a2 + b2)
]
(121)
λF = −1
2
[√
∆2 + (a2 + b2)
]
(122)
N2± = 2(∆1 ± a1
√
∆1) (123)
N2AF = 2
[
∆2 − (a2 − b2)
√
∆2
]
(124)
N2F = 2
[
∆2 + (a2 − b2)
√
∆2
]
(125)
ϕ± =
1
N±
[
(
√
∆1 ± a1)f1 + 2c1f3
]
(126)
ϕAF =
1
NAF
{[√
∆2 − (a2 − b2)
]
f1 − 2c2f4
}
(127)
ϕF =
1
NF
{[√
∆2 + (a2 − b2)
]
f1 + 2c2f4
}
(128)
Then I can finally write H2 as
H2 = H0 + εRnd + URnd,↑nd,↓ +K1
[
c∗↑(f1)c
∗
↓(f1)d↓d↑ + h.c.
]
+
∑
σ∈{↑,↓}
i∈{+,−}
λic
∗
σ(ϕi)cσ(ϕi)−
∑
σ∈{↑,↓}
x∈{AF,F}
λxc
∗
σ(ϕx)cσ(ϕx)nd
+4
∑
x∈{AF,F}
λx~Sc(ϕx ⊗ ϕx).~Sd +HIrr (129)
5 Asymptotics
I will now evaluate the various coefficients in different regimes, assuming
g ≪ 1 (130)
More precisely, I am interested in
• the local moment regime
– εd < 0, (U + εd) > 0,
– |εd|, (U + εd)≫ g2 log g−1.
• the intermediate valence regime
– |εd| ≪ g2 log g−1 ≪ U .
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I will note respectively C(lm) and C(iv) the value of C in the local moment or interme-
diate valence regimes. I assume that V is continuous and non-vanishing at the Fermi
surface and that ε vanishes linearly (this corresponds to the physical situation) so
that the following asymptotics hold〈
V, (ε+ λ)−1V
〉 ∼ a1 log λ−1 (131)〈
V, (ε+ λ)−2V
〉 ∼ a2λ−1 (132)〈
V, (ε+ λ1)
−2(ε+ µ)−1V
〉 ∼
µ≪λ1
a1λ
−2
1 log
(
λ1
µ
)
(133)〈
V, (ε+ λ1)
−2(ε+ µ)−2V
〉 ∼
µ≪λ1
a2λ
−2
1 µ
−1 (134)
Furthermore, I will assume that |εd| is much smaller than the width of the conduction
band (i.e. the range of ε) and I choose units so that |εd| ≪ 1.
• λ1 = −εR is given by equation (33)
λ
(lm)
1 ∼ −εd (135)
λ
(lm)
1 + εd ∼ a1g2 log |εd|−1 (136)
λ
(iv)
1 ∼ a1g2 log g−2 (137)
• I will need x1 as expansion parameter
x21 = g
2
〈
V, (ε+ λ1)
−1V
〉 ∼ a2 g2
λ1
(138)
[
x
(lm)
1
]2
∼ a2 g
2
|εd| ≪ 1 (139)[
x
(iv)
1
]2
∼ a2
a1 log g−2
≪ 1 (140)
• µ2 is given by equation (69)
log
(
λ1
µ2
)
∼ a−11
(
U − λ1
U + λ1
)
λ1
g2
≫ 1 (141)
µ
(lm)
2 ∼ λ1e−a
−1
1
(
U−λ1
U+λ1
)
λ1
g2 = O (x∞1 , λ
∞
1 ) (142)
µ
(iv)
2 ∼ g2λ1 ∼ a1g4 log g−2 = O
(
x∞1 , λ
2
1
)
(143)
• µ1 is given by equation (79)
µ1 ∼ −2λ1
(
U + λ1
U − λ1
)
(144)
µ
(lm)
1 ∼ −2|εd|
(
U + |εd|
U − |εd|
)
(145)
µ
(iv)
1 ∼ −2λ1 (146)
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• ω12 is also an important expansion parameter, it is given by equation (80)
ω212 ∼
1
a2
(
2λ1
µ1
)2
µ2
g2x21
(147)
[
ω
(lm)
12
]2
∼ 1
a22
(
U − |εd|
U + |εd|
)2 |εd|
g4
µ
(lm)
2 = O (x
∞
1 , λ
∞
1 ) (148)[
ω
(iv)
12
]2
∼ a
2
1
a22
g2
(
log g−2
)2
= O(x∞1 , λ1) (149)
• UR is given by equation (90)
UR = λ1 − µ2 +O
(
λ21x
2
1ω
2
12
U
)
= −εR − µ2 + o(µ2) (150)
• For the scattering potential, I find
K1 ∼ −θ (2λ1 − µ1)
4
√
2
x31ω12 (151)
λ± ∼ ±gx1
2
(152)
λ
(lm)
± ∼ ±
√
a2
2
g2
|εd|1/2 (153)
λ
(iv)
± ∼ ±
1
2
√
a2
a1
g
(log g−2)1/2
(154)
ϕ± ∼ f1 ± f3√
2
(155)
• Finally, for the spin-spin part
λ
(lm)
AF ∼
a2g
2
2
(
U
U + εd
)
> 0 (156)
λ
(lm)
F ∼ −
(U + εd)
4
< 0 (157)
ϕ
(lm)
AF ∼ f1 − θ
√
2a2
g
|εd|1/2
(
U
U + εd
)
f4 (158)
ϕ
(lm)
F ∼
√
2a2
g
|εd|1/2
(
U
U + εd
)
f1 + θf4 (159)
λ
(iv)
AF ∼
a2g
2
2
> 0 (160)
λ
(iv)
F ∼ −
U
4
< 0 (161)
ϕAF ∼ f1 − θ
√
a2
a1 log g−1
f4 (162)
ϕF ∼
√
a2
a1 log g−1
f1 + θf4 (163)
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Thus I find a strong ferro-magnetic interaction in one channel and a weak anti-
ferromagnetic one in another channel. But one has also to take into account the
potential scattering term
−
∑
σ∈{↑,↓}
x∈{AF,F}
λxc
∗
σ(ϕx)cσ(ϕx)nd (164)
whose effect is to suppress the ferro-magnetic channel. Indeed putting an electron
in the orbital ϕF with its spin aligned to the impurity one will result in an energy
gain (from this part of the interaction)
∆EF = −λF + 4λF × 1
4
= 0 (165)
On the other hand, putting an electron in the orbital ϕAF with its spin opposite to
the impurity one will result in an energy gain
∆EAF = −λAF + 4λAF ×
(
−1
4
)
= −2λAF < 0 (166)
Therefore at low temperature one will see only the anti-ferromagnetic channel
and the model will exhibit a Kondo effect.
6 Computation in the general µ 6= 0 case
In the general case, as ε − µ is no longer positive one has to go to the so-called
particle-hole representation. Formally, this amounts to perform the change
cσ(k) 7−→ aσ(k)θ [ε(k)− µ] + b∗σ(k)θ [µ− ε(k)] (167)
and then do some normal ordering with respect to the a∗’s and b∗’s.
Now one would like to kill the terms which are linear in aσ, a
∗
σ, bσ or b
∗
σ. One can
still apply the two general unitary transformations U1 and U2 but then one must
perform some normal ordering. Thus terms of order 3, 5, etc. in cσ or c
∗
σ will give
some contribution to the terms linear in the a’s or b’s.
One can still use my computation of the flow of U1 and U2, change the c’s into
a’s and b’s, do the normal ordering and set the linear terms to zero. Once again
one will have two constraints to meet with two adjustable functions so this should
be a priori possible, the only point is that the constraints have now much more
complicated expressions.
7 Conclusion
In this paper, I showed that with the help of computer algebra it is possible to
compute explicitly non trivial unitary transformations in Quantum Field Theory.
For the Anderson impurity model, I succeeded in eliminating the hybridization term
16
in the slightly simplified case of zero chemical potential. This is a rigorous version of
the well known Schrieffer-Wolff transformation. Furthermore it should be possible
to treat the general case in the same way.
More generally, such exact unitary transformations should be useful when one
wants to decouple some small system with finitely many degrees of freedom from
a background field, e.g. in dissipative systems. I expect also that one could use
computer algebra to perform Hamiltonian conditioning. For instance, in the case
of the Kondo problem, I am investigating the possibility of deriving explicitly the
effective low-temperature Hamiltonian for the s-d model. This would enable some
Renormalization Group study of the model in the low-temperature phase.
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A Differential Flow of O 7→ U2(t)OU∗2 (t)
The interested reader will find here the raw material to compute the flow of my
second unitary transformation. I put only the differential flow since the integrated
one would be too long.
P1 = (dσ)
∗
dσ
P2 = aσ[f2]
∗
aσ[f2]
P3 = aσ[f2]
∗
dσ
P4 = aσ[f2] (dσ)
∗
P5 = aσ[f2]
∗
dσ (d−σ)
∗
d−σ
P6 = aσ[f2] (dσ)
∗ (d−σ)
∗
d−σ
P7 = (dσ)
∗
dσ (d−σ)
∗
d−σ
P8 = aσ[f2]
∗
a−σ[f2] dσ (d−σ)
∗
P9 = aσ[f2]
∗
aσ[f2] (d−σ)
∗
d−σ
P10 = aσ[f2] a−σ[f2]
∗ (dσ)
∗
d−σ
P11 = a−σ[f2]
∗ (dσ)
∗
dσ d−σ
P12 = a−σ[f2] (dσ)
∗
dσ (d−σ)
∗
P13 = a−σ[f2]
∗
a−σ[f2] (dσ)
∗
dσ
P14 = aσ[f2]
∗
a−σ[f2]
∗
dσ d−σ
P15 = aσ[f2] a−σ[f2] (dσ)
∗ (d−σ)
∗
P16 = aσ[f2]
∗
aσ[f2] a−σ[f2]
∗
d−σ
P17 = aσ[f2]
∗
aσ[f2] a−σ[f2] (d−σ)
∗
P18 = aσ[f2]
∗
a−σ[f2]
∗
a−σ[f2] dσ
P19 = aσ[f2] a−σ[f2]
∗
a−σ[f2] (dσ)
∗
P20 = aσ[f2]
∗
aσ[f2] a−σ[f2] (dσ)
∗
dσ (d−σ)
∗
P21 = aσ[f2]
∗
a−σ[f2]
∗
a−σ[f2] dσ (d−σ)
∗
d−σ
P22 = aσ[f2]
∗
aσ[f2] a−σ[f2]
∗ (dσ)
∗
dσ d−σ
P23 = aσ[f2] a−σ[f2]
∗
a−σ[f2] (dσ)
∗ (d−σ)
∗
d−σ
P24 = aσ[f2]
∗
aσ[f2] (dσ)
∗
dσ (d−σ)
∗
d−σ
P25 = aσ[f2]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f2] (dσ)
∗
dσ
P26 = a−σ[f2]
∗
a−σ[f2] (dσ)
∗
dσ (d−σ)
∗
d−σ
P27 = aσ[f2]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f2] (d−σ)
∗
d−σ
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∂tP1 = P5 − P6
∂tP2 = −P5 + P6
∂tP3 = −P7 + P8 + P9 + P14
∂tP4 = P7 − P9 − P10 − P15
∂tP5 = −P7 + P8 + P9
∂tP6 = P7 − P9 − P10
∂tP7 = P5 − P6 + P11 − P12
∂tP8 = −P5 + P12 − P20 + P21
∂tP9 = −P5 + P6 − P20 + P22
∂tP10 = P6 − P11 + P22 − P23
∂tP11 = −P7 + P10 + P13
∂tP12 = P7 − P8 − P13
∂tP13 = −P11 + P12 + P21 − P23
∂tP14 = −P16 − P18 + P21 + P22
∂tP15 = P17 + P19 − P20 − P23
∂tP16 = P14 − P24 + P25
∂tP17 = −P15 + P24 − P25
∂tP18 = P14 − P26 + P27
∂tP19 = −P15 + P26 − P27
∂tP20 = P24 − P25
∂tP21 = −P26 + P27
∂tP22 = −P24 + P25
∂tP23 = P26 − P27
∂tP24 = −P20 + P22
∂tP25 = P20 − P22
∂tP26 = P21 − P23
∂tP27 = −P21 + P23
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R1 = aσ[f1]
∗
aσ[f1]
R2 = aσ[f1]
∗
dσ (d−σ)
∗
d−σ − aσ[f1] (dσ)∗ (d−σ)∗ d−σ
R3 = aσ[f1]
∗
a−σ[f2] dσ (d−σ)
∗ + aσ[f1]
∗
aσ[f2] (d−σ)
∗
d−σ +
aσ[f2]
∗
aσ[f1] (d−σ)
∗
d−σ + aσ[f1] a−σ[f2]
∗ (dσ)
∗
d−σ
R4 = −aσ[f1]∗ aσ[f2] a−σ[f2] (dσ)∗ dσ (d−σ)∗ +
aσ[f2]
∗
aσ[f1] a−σ[f2]
∗ (dσ)
∗
dσ d−σ
R5 = aσ[f1]
∗
a−σ[f2]
∗
a−σ[f2] dσ (d−σ)
∗
d−σ +
aσ[f1]
∗
aσ[f2] a−σ[f2]
∗ (dσ)
∗
dσ d−σ −
aσ[f2]
∗
aσ[f1] a−σ[f2] (dσ)
∗
dσ (d−σ)
∗ −
aσ[f1] a−σ[f2]
∗
a−σ[f2] (dσ)
∗ (d−σ)
∗
d−σ
R6 = −aσ[f1]∗ aσ[f2] (dσ)∗ dσ (d−σ)∗ d−σ +
aσ[f1]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f2] (dσ)
∗
dσ −
aσ[f2]
∗
aσ[f1] (dσ)
∗
dσ (d−σ)
∗
d−σ +
aσ[f2]
∗
aσ[f1] a−σ[f2]
∗
a−σ[f2] (dσ)
∗
dσ
R7 = aσ[f2]
∗
aσ[f1]
∗
aσ[f2] a−σ[f2] dσ (d−σ)
∗ +
aσ[f2]
∗
aσ[f1] aσ[f2] a−σ[f2]
∗ (dσ)
∗
d−σ
R8 = aσ[f1]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f2] (d−σ)
∗
d−σ +
aσ[f2]
∗
aσ[f1] a−σ[f2]
∗
a−σ[f2] (d−σ)
∗
d−σ
R9 = −aσ[f1]∗ aσ[f2] a−σ[f2]∗ (dσ)∗ dσ d−σ +
aσ[f2]
∗
aσ[f1] a−σ[f2] (dσ)
∗
dσ (d−σ)
∗
R10 = −aσ[f2]∗ aσ[f1]∗ aσ[f2] dσ (d−σ)∗ d−σ +
aσ[f2]
∗
aσ[f1] aσ[f2] (dσ)
∗ (d−σ)
∗
d−σ
R11 = aσ[f2]
∗
aσ[f1]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f2] dσ (d−σ)
∗
d−σ −
aσ[f2]
∗
aσ[f1] aσ[f2] a−σ[f2]
∗
a−σ[f2] (dσ)
∗ (d−σ)
∗
d−σ
R12 = aσ[f1]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f2] (dσ)
∗
dσ +
aσ[f2]
∗
aσ[f1] a−σ[f2]
∗
a−σ[f2] (dσ)
∗
dσ
R13 = aσ[f1]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f2] (dσ)
∗
dσ (d−σ)
∗
d−σ +
aσ[f2]
∗
aσ[f1] a−σ[f2]
∗
a−σ[f2] (dσ)
∗
dσ (d−σ)
∗
d−σ
R14 = aσ[f2]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f2] (dσ)
∗
dσ (d−σ)
∗
d−σ
R15 = aσ[f1]
∗
aσ[ǫ[f1]] + aσ[ǫ[f1]]
∗
aσ[f1]
R16 = aσ[ǫ[f1]]
∗
dσ (d−σ)
∗
d−σ − aσ[ǫ[f1]] (dσ)∗ (d−σ)∗ d−σ
R17 = aσ[f2]
∗
aσ[ǫ[f1]] (d−σ)
∗
d−σ + aσ[ǫ[f1]]
∗
a−σ[f2] dσ (d−σ)
∗ +
aσ[ǫ[f1]]
∗
aσ[f2] (d−σ)
∗
d−σ + aσ[ǫ[f1]] a−σ[f2]
∗ (dσ)
∗
d−σ
R18 = aσ[f2]
∗
aσ[ǫ[f1]] a−σ[f2]
∗ (dσ)
∗
dσ d−σ −
aσ[ǫ[f1]]
∗
aσ[f2] a−σ[f2] (dσ)
∗
dσ (d−σ)
∗
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R19 = −aσ[f2]∗ aσ[ǫ[f1]] a−σ[f2] (dσ)∗ dσ (d−σ)∗ +
aσ[ǫ[f1]]
∗
a−σ[f2]
∗
a−σ[f2] dσ (d−σ)
∗
d−σ +
aσ[ǫ[f1]]
∗
aσ[f2] a−σ[f2]
∗ (dσ)
∗
dσ d−σ −
aσ[ǫ[f1]] a−σ[f2]
∗
a−σ[f2] (dσ)
∗ (d−σ)
∗
d−σ
R20 = aσ[f2]
∗
aσ[ǫ[f1]]
∗
aσ[f2] a−σ[f2] dσ (d−σ)
∗ +
aσ[f2]
∗
aσ[ǫ[f1]] aσ[f2] a−σ[f2]
∗ (dσ)
∗
d−σ
R21 = aσ[f2]
∗
aσ[ǫ[f1]] (dσ)
∗
dσ (d−σ)
∗
d−σ +
aσ[ǫ[f1]]
∗
aσ[f2] (dσ)
∗
dσ (d−σ)
∗
d−σ
R22 = aσ[f2]
∗
aσ[ǫ[f1]] a−σ[f2]
∗
a−σ[f2] (dσ)
∗
dσ +
aσ[ǫ[f1]]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f2] (dσ)
∗
dσ
R23 = aσ[f2]
∗
aσ[ǫ[f1]] a−σ[f2]
∗
a−σ[f2] (d−σ)
∗
d−σ +
aσ[ǫ[f1]]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f2] (d−σ)
∗
d−σ
R24 = −aσ[f2]∗ aσ[ǫ[f1]]∗ aσ[f2] dσ (d−σ)∗ d−σ +
aσ[f2]
∗
aσ[ǫ[f1]] aσ[f2] (dσ)
∗ (d−σ)
∗
d−σ
R25 = aσ[f2]
∗
aσ[ǫ[f1]]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f2] dσ (d−σ)
∗
d−σ −
aσ[f2]
∗
aσ[ǫ[f1]] aσ[f2]
a−σ[f2]
∗
a−σ[f2] (dσ)
∗ (d−σ)
∗
d−σ
R26 = aσ[ǫ[f1]]
∗
a−σ[f2]
∗
a−σ[f2] dσ (d−σ)
∗
d−σ −
aσ[ǫ[f1]] a−σ[f2]
∗
a−σ[f2] (dσ)
∗ (d−σ)
∗
d−σ
R27 = aσ[f2]
∗
aσ[ǫ[f1]] a−σ[f2]
∗
a−σ[f2] (dσ)
∗
dσ (d−σ)
∗
d−σ +
aσ[ǫ[f1]]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f2] (dσ)
∗
dσ (d−σ)
∗
d−σ
R28 = aσ[f1]
∗
aσ[f1] a−σ[f1]
∗
a−σ[f1]
R29 = −aσ[f1]∗ a−σ[f1]∗ a−σ[f1] dσ (d−σ)∗ d−σ −
aσ[f1]
∗
aσ[f1] a−σ[f1]
∗ (dσ)
∗
dσ d−σ +
aσ[f1]
∗
aσ[f1] a−σ[f1] (dσ)
∗
dσ (d−σ)
∗ +
aσ[f1] a−σ[f1]
∗
a−σ[f1] (dσ)
∗ (d−σ)
∗
d−σ
R30 = a−σ[f1]
∗
a−σ[f1] (dσ)
∗
dσ (d−σ)
∗
d−σ +
aσ[f1]
∗
aσ[f1] (dσ)
∗
dσ (d−σ)
∗
d−σ
R31 = aσ[f1]
∗
a−σ[f1]
∗
a−σ[f1] a−σ[f2] dσ (d−σ)
∗ +
aσ[f1]
∗
aσ[f1] a−σ[f1]
∗
a−σ[f2] (dσ)
∗
dσ +
aσ[f1]
∗
aσ[f1] a−σ[f2]
∗
a−σ[f1] (dσ)
∗
dσ +
aσ[f1]
∗
aσ[f1] aσ[f2] a−σ[f1]
∗ (dσ)
∗
d−σ +
aσ[f1]
∗
aσ[f2] a−σ[f1]
∗
a−σ[f1] (d−σ)
∗
d−σ +
aσ[f2]
∗
aσ[f1]
∗
aσ[f1] a−σ[f1] dσ (d−σ)
∗ +
aσ[f2]
∗
aσ[f1] a−σ[f1]
∗
a−σ[f1] (d−σ)
∗
d−σ +
aσ[f1] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] (dσ)
∗
d−σ
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R32 = −a−σ[f1]∗ a−σ[f1] a−σ[f2] (dσ)∗ dσ (d−σ)∗ +
a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] (dσ)
∗
dσ d−σ +
aσ[f1]
∗
aσ[f1] a−σ[f2]
∗ (dσ)
∗
dσ d−σ −
aσ[f1]
∗
aσ[f1] a−σ[f2] (dσ)
∗
dσ (d−σ)
∗ −
aσ[f1]
∗
aσ[f1] aσ[f2] (dσ)
∗ (d−σ)
∗
d−σ +
aσ[f2]
∗
a−σ[f1]
∗
a−σ[f1] dσ (d−σ)
∗
d−σ +
aσ[f2]
∗
aσ[f1]
∗
aσ[f1] dσ (d−σ)
∗
d−σ −
aσ[f2] a−σ[f1]
∗
a−σ[f1] (dσ)
∗ (d−σ)
∗
d−σ
R33 = aσ[f1]
∗
a−σ[f1]
∗
a−σ[f2] dσ (d−σ)
∗
d−σ +
aσ[f1]
∗
aσ[f2] a−σ[f1]
∗ (dσ)
∗
dσ d−σ −
aσ[f2]
∗
aσ[f1] a−σ[f1] (dσ)
∗
dσ (d−σ)
∗ −
aσ[f1] a−σ[f2]
∗
a−σ[f1] (dσ)
∗ (d−σ)
∗
d−σ
R34 = aσ[f1]
∗
aσ[f1] aσ[f2] a−σ[f1]
∗
a−σ[f2] (dσ)
∗ (d−σ)
∗
d−σ +
aσ[f1]
∗
aσ[f2] a−σ[f1]
∗
a−σ[f1] a−σ[f2] (dσ)
∗
dσ (d−σ)
∗ −
aσ[f2]
∗
aσ[f1]
∗
aσ[f1] a−σ[f2]
∗
a−σ[f1] dσ (d−σ)
∗
d−σ −
aσ[f2]
∗
aσ[f1] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] (dσ)
∗
dσ d−σ
R35 = aσ[f1]
∗
a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] a−σ[f2] dσ (d−σ)
∗
d−σ −
aσ[f1]
∗
aσ[f1] aσ[f2] a−σ[f2]
∗
a−σ[f1] (dσ)
∗ (d−σ)
∗
d−σ +
aσ[f1]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] (dσ)
∗
dσ d−σ +
aσ[f2]
∗
aσ[f1]
∗
aσ[f1] a−σ[f1]
∗
a−σ[f2] dσ (d−σ)
∗
d−σ +
aσ[f2]
∗
aσ[f1]
∗
aσ[f1] aσ[f2] a−σ[f1]
∗ (dσ)
∗
dσ d−σ −
aσ[f2]
∗
aσ[f1]
∗
aσ[f1] aσ[f2] a−σ[f1] (dσ)
∗
dσ (d−σ)
∗ −
aσ[f2]
∗
aσ[f1] a−σ[f1]
∗
a−σ[f1] a−σ[f2] (dσ)
∗
dσ (d−σ)
∗ −
aσ[f1] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] a−σ[f2] (dσ)
∗ (d−σ)
∗
d−σ
R36 = a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] a−σ[f2] (dσ)
∗
dσ +
aσ[f1]
∗
aσ[f1] a−σ[f2]
∗
a−σ[f2] (dσ)
∗
dσ +
aσ[f1]
∗
aσ[f1] aσ[f2] a−σ[f2]
∗ (dσ)
∗
d−σ +
aσ[f2]
∗
a−σ[f1]
∗
a−σ[f1] a−σ[f2] dσ (d−σ)
∗ +
aσ[f2]
∗
aσ[f1]
∗
aσ[f1] a−σ[f2] dσ (d−σ)
∗ +
aσ[f2]
∗
aσ[f1]
∗
aσ[f1] aσ[f2] (d−σ)
∗
d−σ +
aσ[f2]
∗
aσ[f2] a−σ[f1]
∗
a−σ[f1] (d−σ)
∗
d−σ +
aσ[f2] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] (dσ)
∗
d−σ
R37 = a−σ[f1]
∗
a−σ[f2] (dσ)
∗
dσ (d−σ)
∗
d−σ +
a−σ[f2]
∗
a−σ[f1] (dσ)
∗
dσ (d−σ)
∗
d−σ
22
R38 = aσ[f1]
∗
aσ[f2] a−σ[f1]
∗
a−σ[f2] (d−σ)
∗
d−σ +
aσ[f1]
∗
aσ[f2] a−σ[f1]
∗
a−σ[f2] (dσ)
∗
dσ +
aσ[f2]
∗
aσ[f1] a−σ[f2]
∗
a−σ[f1] (d−σ)
∗
d−σ +
aσ[f2]
∗
aσ[f1] a−σ[f2]
∗
a−σ[f1] (dσ)
∗
dσ
R39 = aσ[f1]
∗
aσ[f1] aσ[f2] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f2] (dσ)
∗
d−σ +
aσ[f2]
∗
aσ[f1]
∗
aσ[f1] a−σ[f2]
∗
a−σ[f1]
a−σ[f2] dσ (d−σ)
∗ + aσ[f2]
∗
aσ[f1]
∗
aσ[f2]
a−σ[f1]
∗
a−σ[f1] a−σ[f2] dσ (d−σ)
∗ +
aσ[f2]
∗
aσ[f1] aσ[f2] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] (dσ)
∗
d−σ
R40 = aσ[f1]
∗
aσ[f1] a−σ[f1]
∗
a−σ[f2] (dσ)
∗
dσ (d−σ)
∗
d−σ +
aσ[f1]
∗
aσ[f1] a−σ[f2]
∗
a−σ[f1] (dσ)
∗
dσ (d−σ)
∗
d−σ +
aσ[f1]
∗
aσ[f2] a−σ[f1]
∗
a−σ[f1] (dσ)
∗
dσ (d−σ)
∗
d−σ −
aσ[f1]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1]
a−σ[f2] (dσ)
∗
dσ − aσ[f2]∗ aσ[f1]∗ aσ[f1] aσ[f2]
a−σ[f1]
∗
a−σ[f2] (d−σ)
∗
d−σ − aσ[f2]∗ aσ[f1]∗
aσ[f1] aσ[f2] a−σ[f2]
∗
a−σ[f1] (d−σ)
∗
d−σ +
aσ[f2]
∗
aσ[f1] a−σ[f1]
∗
a−σ[f1] (dσ)
∗
dσ (d−σ)
∗
d−σ −
aσ[f2]
∗
aσ[f1] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] a−σ[f2] (dσ)
∗
dσ
R41 = aσ[f1]
∗
aσ[f2] a−σ[f1]
∗
a−σ[f2] (dσ)
∗
dσ (d−σ)
∗
d−σ +
aσ[f2]
∗
aσ[f1] a−σ[f2]
∗
a−σ[f1] (dσ)
∗
dσ (d−σ)
∗
d−σ
R42 = aσ[f1]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] a−σ[f2] (d−σ)
∗
d−σ +
aσ[f2]
∗
aσ[f1]
∗
aσ[f1] aσ[f2] a−σ[f1]
∗
a−σ[f2] (dσ)
∗
dσ +
aσ[f2]
∗
aσ[f1]
∗
aσ[f1] aσ[f2] a−σ[f2]
∗
a−σ[f1] (dσ)
∗
dσ +
aσ[f2]
∗
aσ[f1] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] a−σ[f2] (d−σ)
∗
d−σ
R43 = −a−σ[f2]∗ a−σ[f1]∗ a−σ[f1] a−σ[f2] (dσ)∗ dσ (d−σ)∗ d−σ +
aσ[f1]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f1] (dσ)
∗
dσ (d−σ)
∗
d−σ −
aσ[f2]
∗
aσ[f1]
∗
aσ[f1] aσ[f2] (dσ)
∗
dσ (d−σ)
∗
d−σ +
aσ[f2]
∗
aσ[f1] a−σ[f1]
∗
a−σ[f2] (dσ)
∗
dσ (d−σ)
∗
d−σ
R44 = a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f2] (dσ)
∗
dσ d−σ −
a−σ[f2]
∗
a−σ[f1] a−σ[f2] (dσ)
∗
dσ (d−σ)
∗ +
aσ[f2]
∗
a−σ[f1]
∗
a−σ[f2] dσ (d−σ)
∗
d−σ −
aσ[f2] a−σ[f2]
∗
a−σ[f1] (dσ)
∗ (d−σ)
∗
d−σ
23
R45 = aσ[f2]
∗
a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] a−σ[f2] dσ (d−σ)
∗
d−σ +
aσ[f2]
∗
aσ[f1]
∗
aσ[f1] aσ[f2] a−σ[f2]
∗ (dσ)
∗
dσ d−σ −
aσ[f2]
∗
aσ[f1]
∗
aσ[f1] aσ[f2] a−σ[f2] (dσ)
∗
dσ (d−σ)
∗ −
aσ[f2] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] a−σ[f2] (dσ)
∗ (d−σ)
∗
d−σ
R46 = aσ[f2]
∗
a−σ[f2]
∗
a−σ[f1] dσ (d−σ)
∗
d−σ −
aσ[f2] a−σ[f1]
∗
a−σ[f2] (dσ)
∗ (d−σ)
∗
d−σ
R47 = aσ[f1]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f2] (dσ)
∗
dσ d−σ +
aσ[f2]
∗
aσ[f1]
∗
aσ[f2] a−σ[f1]
∗
a−σ[f2] dσ (d−σ)
∗
d−σ −
aσ[f2]
∗
aσ[f1] a−σ[f2]
∗
a−σ[f1] a−σ[f2] (dσ)
∗
dσ (d−σ)
∗ −
aσ[f2]
∗
aσ[f1] aσ[f2] a−σ[f2]
∗
a−σ[f1] (dσ)
∗ (d−σ)
∗
d−σ
R48 = −aσ[f1]∗ aσ[f1] aσ[f2] a−σ[f2]∗ a−σ[f2] (dσ)∗ (d−σ)∗ d−σ +
aσ[f2]
∗
aσ[f1]
∗
aσ[f1] a−σ[f2]
∗
a−σ[f2] dσ (d−σ)
∗
d−σ −
aσ[f2]
∗
aσ[f2] a−σ[f1]
∗
a−σ[f1] a−σ[f2] (dσ)
∗
dσ (d−σ)
∗ +
aσ[f2]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] (dσ)
∗
dσ d−σ
R49 = −aσ[f1]∗ aσ[f1] a−σ[f2]∗ a−σ[f1]∗ a−σ[f2] (dσ)∗ dσ d−σ +
aσ[f1]
∗
aσ[f1] a−σ[f2]
∗
a−σ[f1] a−σ[f2] (dσ)
∗
dσ (d−σ)
∗ −
aσ[f2]
∗
aσ[f1]
∗
aσ[f2] a−σ[f1]
∗
a−σ[f1] dσ (d−σ)
∗
d−σ +
aσ[f2]
∗
aσ[f1] aσ[f2] a−σ[f1]
∗
a−σ[f1] (dσ)
∗ (d−σ)
∗
d−σ
R50 = aσ[f2]
∗
aσ[f1]
∗
aσ[f1] aσ[f2] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f2] (dσ)
∗
dσ d−σ − aσ[f2]∗ aσ[f1]∗ aσ[f1]
aσ[f2] a−σ[f2]
∗
a−σ[f1] a−σ[f2] (dσ)
∗
dσ (d−σ)
∗ +
aσ[f2]
∗
aσ[f1]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1]
a−σ[f2] dσ (d−σ)
∗
d−σ − aσ[f2]∗ aσ[f1] aσ[f2]
a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] a−σ[f2] (dσ)
∗ (d−σ)
∗
d−σ
R51 = −aσ[f1]∗ aσ[f1] aσ[f2] a−σ[f2]∗ a−σ[f1] (dσ)∗ (d−σ)∗ d−σ +
aσ[f1]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] (dσ)
∗
dσ d−σ +
aσ[f2]
∗
aσ[f1]
∗
aσ[f1] a−σ[f1]
∗
a−σ[f2] dσ (d−σ)
∗
d−σ −
aσ[f2]
∗
aσ[f1] a−σ[f1]
∗
a−σ[f1] a−σ[f2] (dσ)
∗
dσ (d−σ)
∗
R52 = aσ[f1]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f1] a−σ[f2] (dσ)
∗
dσ (d−σ)
∗ −
aσ[f2]
∗
aσ[f1]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f1] dσ (d−σ)
∗
d−σ −
aσ[f2]
∗
aσ[f1] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f2] (dσ)
∗
dσ d−σ +
aσ[f2]
∗
aσ[f1] aσ[f2] a−σ[f1]
∗
a−σ[f2] (dσ)
∗ (d−σ)
∗
d−σ
R53 = aσ[f2]
∗
a−σ[f2]
∗
a−σ[f1] a−σ[f2] dσ (d−σ)
∗ +
aσ[f2]
∗
aσ[f2] a−σ[f1]
∗
a−σ[f2] (d−σ)
∗
d−σ +
aσ[f2]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f1] (d−σ)
∗
d−σ +
aσ[f2] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f2] (dσ)
∗
d−σ
24
R54 = a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] a−σ[f2] (dσ)
∗
dσ (d−σ)
∗
d−σ +
aσ[f2]
∗
aσ[f1]
∗
aσ[f1] aσ[f2] (dσ)
∗
dσ (d−σ)
∗
d−σ
R55 = aσ[f2]
∗
aσ[f1]
∗
aσ[f1] aσ[f2] a−σ[f2]
∗
a−σ[f2] (dσ)
∗
dσ +
aσ[f2]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] a−σ[f2] (d−σ)
∗
d−σ
R56 = aσ[f2]
∗
aσ[f2] a−σ[f1]
∗
a−σ[f2] (dσ)
∗
dσ (d−σ)
∗
d−σ +
aσ[f2]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f1] (dσ)
∗
dσ (d−σ)
∗
d−σ
R57 = aσ[f2]
∗
aσ[f1]
∗
aσ[f1] aσ[f2] a−σ[f2]
∗
a−σ[f2] (d−σ)
∗
d−σ +
aσ[f2]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] a−σ[f2] (dσ)
∗
dσ
R58 = aσ[f1]
∗
aσ[f1] a−σ[f2]
∗
a−σ[f2] (dσ)
∗
dσ (d−σ)
∗
d−σ +
aσ[f2]
∗
aσ[f2] a−σ[f1]
∗
a−σ[f1] (dσ)
∗
dσ (d−σ)
∗
d−σ
R59 = aσ[f1]
∗
aσ[f1] a−σ[f1]
∗
a−σ[f2] (dσ)
∗
dσ (d−σ)
∗
d−σ +
aσ[f1]
∗
aσ[f1] a−σ[f2]
∗
a−σ[f1] (dσ)
∗
dσ (d−σ)
∗
d−σ +
aσ[f1]
∗
aσ[f2] a−σ[f1]
∗
a−σ[f1] (dσ)
∗
dσ (d−σ)
∗
d−σ +
aσ[f2]
∗
aσ[f1] a−σ[f1]
∗
a−σ[f1] (dσ)
∗
dσ (d−σ)
∗
d−σ
R60 = aσ[f1]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] a−σ[f2]
(dσ)
∗
dσ (d−σ)
∗
d−σ + aσ[f2]
∗
aσ[f1]
∗
aσ[f1]
aσ[f2] a−σ[f1]
∗
a−σ[f2] (dσ)
∗
dσ (d−σ)
∗
d−σ +
aσ[f2]
∗
aσ[f1]
∗
aσ[f1] aσ[f2] a−σ[f2]
∗
a−σ[f1]
(dσ)
∗
dσ (d−σ)
∗
d−σ + aσ[f2]
∗
aσ[f1] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] a−σ[f2] (dσ)
∗
dσ (d−σ)
∗
d−σ
R61 = aσ[f2]
∗
aσ[f1]
∗
aσ[f1] aσ[f2] a−σ[f2]
∗
a−σ[f2]
(dσ)
∗
dσ (d−σ)
∗
d−σ + aσ[f2]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] a−σ[f2] (dσ)
∗
dσ (d−σ)
∗
d−σ
R62 = aσ[f2]
∗
aσ[f1]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f1] a−σ[f2] dσ (d−σ)
∗ +
aσ[f2]
∗
aσ[f1] aσ[f2] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f2] (dσ)
∗
d−σ
R63 = aσ[f2]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f2] (dσ)
∗
dσ d−σ −
aσ[f2]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f1] a−σ[f2] (dσ)
∗
dσ (d−σ)
∗
R64 = −aσ[f1]∗ a−σ[f1]∗ a−σ[f1] dσ + aσ[f1] a−σ[f1]∗ a−σ[f1] (dσ)∗
R65 = aσ[f1]
∗
a−σ[f1]
∗
dσ d−σ + aσ[f1] a−σ[f1] (dσ)
∗ (d−σ)
∗
R66 = a−σ[f1]
∗
a−σ[f1] (dσ)
∗
dσ (d−σ)
∗
d−σ
R67 = aσ[f1]
∗
a−σ[f1]
∗
a−σ[f1] a−σ[f2] dσ (d−σ)
∗ +
aσ[f1]
∗
aσ[f2] a−σ[f1]
∗
a−σ[f1] (d−σ)
∗
d−σ +
aσ[f2]
∗
aσ[f1] a−σ[f1]
∗
a−σ[f1] (d−σ)
∗
d−σ +
aσ[f1] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] (dσ)
∗
d−σ
R68 = aσ[f1]
∗
a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] dσ d−σ +
aσ[f1] a−σ[f1]
∗
a−σ[f1] a−σ[f2] (dσ)
∗ (d−σ)
∗
25
R69 = −aσ[f1]∗ a−σ[f1]∗ a−σ[f2] dσ −
aσ[f1]
∗
aσ[f2] a−σ[f1]
∗
d−σ + aσ[f2]
∗
aσ[f1] a−σ[f1] (d−σ)
∗ +
aσ[f1] a−σ[f2]
∗
a−σ[f1] (dσ)
∗
R70 = −a−σ[f1]∗ a−σ[f1] a−σ[f2] (dσ)∗ dσ (d−σ)∗ +
a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] (dσ)
∗
dσ d−σ +
aσ[f2]
∗
a−σ[f1]
∗
a−σ[f1] dσ (d−σ)
∗
d−σ −
aσ[f2] a−σ[f1]
∗
a−σ[f1] (dσ)
∗ (d−σ)
∗
d−σ
R71 = aσ[f1]
∗
a−σ[f1]
∗
a−σ[f1] dσ (d−σ)
∗
d−σ −
aσ[f1] a−σ[f1]
∗
a−σ[f1] (dσ)
∗ (d−σ)
∗
d−σ
R72 = aσ[f1]
∗
a−σ[f1]
∗
a−σ[f2] dσ (d−σ)
∗
d−σ −
aσ[f1] a−σ[f2]
∗
a−σ[f1] (dσ)
∗ (d−σ)
∗
d−σ
R73 = −aσ[f1]∗ aσ[f2] a−σ[f1]∗ a−σ[f1] a−σ[f2] (dσ)∗ dσ (d−σ)∗ +
aσ[f2]
∗
aσ[f1] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] (dσ)
∗
dσ d−σ
R74 = aσ[f1]
∗
a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] a−σ[f2] dσ (d−σ)
∗
d−σ +
aσ[f1]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] (dσ)
∗
dσ d−σ −
aσ[f2]
∗
aσ[f1] a−σ[f1]
∗
a−σ[f1] a−σ[f2] (dσ)
∗
dσ (d−σ)
∗ −
aσ[f1] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] a−σ[f2] (dσ)
∗ (d−σ)
∗
d−σ
R75 = −aσ[f1]∗ a−σ[f2]∗ a−σ[f1]∗ a−σ[f1] a−σ[f2] dσ −
aσ[f1]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] d−σ +
aσ[f2]
∗
aσ[f1] a−σ[f1]
∗
a−σ[f1] a−σ[f2] (d−σ)
∗ +
aσ[f1] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] a−σ[f2] (dσ)
∗
R76 = aσ[f1]
∗
a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f2] dσ d−σ +
aσ[f2]
∗
aσ[f1]
∗
aσ[f2] a−σ[f1]
∗
dσ d−σ +
aσ[f2]
∗
aσ[f1] aσ[f2] a−σ[f1] (dσ)
∗ (d−σ)
∗ +
aσ[f1] a−σ[f2]
∗
a−σ[f1] a−σ[f2] (dσ)
∗ (d−σ)
∗
R77 = a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] a−σ[f2] (dσ)
∗
dσ +
aσ[f2]
∗
a−σ[f1]
∗
a−σ[f1] a−σ[f2] dσ (d−σ)
∗ +
aσ[f2]
∗
aσ[f2] a−σ[f1]
∗
a−σ[f1] (d−σ)
∗
d−σ +
aσ[f2] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] (dσ)
∗
d−σ
R78 = aσ[f2]
∗
a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] a−σ[f2] dσ (d−σ)
∗
d−σ −
aσ[f2] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] a−σ[f2] (dσ)
∗ (d−σ)
∗
d−σ
R79 = −aσ[f2]∗ aσ[f2] a−σ[f1]∗ a−σ[f1] a−σ[f2] (dσ)∗ dσ (d−σ)∗ +
aσ[f2]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] (dσ)
∗
dσ d−σ
R80 = aσ[f1]
∗
aσ[f2] a−σ[f1]
∗
a−σ[f2] (d−σ)
∗
d−σ +
aσ[f2]
∗
aσ[f1] a−σ[f2]
∗
a−σ[f1] (d−σ)
∗
d−σ
R81 = aσ[f2]
∗
aσ[f1]
∗
aσ[f2] a−σ[f1]
∗
a−σ[f1] a−σ[f2] dσ (d−σ)
∗ +
aσ[f2]
∗
aσ[f1] aσ[f2] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] (dσ)
∗
d−σ
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R82 = aσ[f1]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] a−σ[f2] (dσ)
∗
dσ +
aσ[f2]
∗
aσ[f1] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] a−σ[f2] (dσ)
∗
dσ
R83 = aσ[f1]
∗
aσ[f2] a−σ[f1]
∗
a−σ[f1] (dσ)
∗
dσ (d−σ)
∗
d−σ +
aσ[f2]
∗
aσ[f1] a−σ[f1]
∗
a−σ[f1] (dσ)
∗
dσ (d−σ)
∗
d−σ
R84 = aσ[f1]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] a−σ[f2] (d−σ)
∗
d−σ + aσ[f2]
∗
aσ[f1]
a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] a−σ[f2] (d−σ)
∗
d−σ
R85 = −a−σ[f2]∗ a−σ[f1]∗ a−σ[f1] a−σ[f2] (dσ)∗ dσ (d−σ)∗ d−σ +
aσ[f2]
∗
aσ[f1]
∗
aσ[f1] aσ[f2] (dσ)
∗
dσ (d−σ)
∗
d−σ
R86 = aσ[f1]
∗
a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f2] dσ d−σ +
aσ[f1] a−σ[f2]
∗
a−σ[f1] a−σ[f2] (dσ)
∗ (d−σ)
∗
R87 = aσ[f2]
∗
aσ[f1]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] dσ d−σ +
aσ[f2]
∗
aσ[f1] aσ[f2] a−σ[f1]
∗
a−σ[f1] a−σ[f2] (dσ)
∗ (d−σ)
∗
R88 = −aσ[f1]∗ aσ[f2] a−σ[f2]∗ a−σ[f1]∗ a−σ[f2] d−σ −
aσ[f2]
∗
aσ[f1]
∗
aσ[f2] a−σ[f1]
∗
a−σ[f2] dσ +
aσ[f2]
∗
aσ[f1] a−σ[f2]
∗
a−σ[f1] a−σ[f2] (d−σ)
∗ +
aσ[f2]
∗
aσ[f1] aσ[f2] a−σ[f2]
∗
a−σ[f1] (dσ)
∗
R89 = a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] a−σ[f2] (dσ)
∗
dσ (d−σ)
∗
d−σ −
aσ[f2]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] a−σ[f2] (d−σ)
∗
d−σ
R90 = −aσ[f2]∗ aσ[f2] a−σ[f1]∗ a−σ[f1] (dσ)∗ dσ (d−σ)∗ d−σ +
aσ[f2]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] a−σ[f2] (dσ)
∗
dσ
R91 = −aσ[f1]∗ aσ[f2] a−σ[f2]∗ a−σ[f1]∗ a−σ[f2] (dσ)∗ dσ d−σ +
aσ[f2]
∗
aσ[f1] a−σ[f2]
∗
a−σ[f1] a−σ[f2] (dσ)
∗
dσ (d−σ)
∗
R92 = aσ[f2]
∗
aσ[f1]
∗
aσ[f2] a−σ[f1]
∗
a−σ[f1] dσ (d−σ)
∗
d−σ −
aσ[f2]
∗
aσ[f1] aσ[f2] a−σ[f1]
∗
a−σ[f1] (dσ)
∗ (d−σ)
∗
d−σ
R93 = aσ[f2]
∗
aσ[f1]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1]
a−σ[f2] dσ (d−σ)
∗
d−σ − aσ[f2]∗ aσ[f1] aσ[f2]
a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] a−σ[f2] (dσ)
∗ (d−σ)
∗
d−σ
R94 = −aσ[f1]∗ aσ[f2] a−σ[f2]∗ a−σ[f1]∗ a−σ[f1] (dσ)∗ dσ d−σ +
aσ[f2]
∗
aσ[f1] a−σ[f1]
∗
a−σ[f1] a−σ[f2] (dσ)
∗
dσ (d−σ)
∗
R95 = −aσ[f1]∗ aσ[f2] a−σ[f2]∗ a−σ[f1] a−σ[f2] (dσ)∗ dσ (d−σ)∗ +
aσ[f2]
∗
aσ[f1] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f2] (dσ)
∗
dσ d−σ
R96 = aσ[f2]
∗
aσ[f2] a−σ[f1]
∗
a−σ[f1] (dσ)
∗
dσ (d−σ)
∗
d−σ
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R97 = aσ[f1]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] a−σ[f2]
(dσ)
∗
dσ (d−σ)
∗
d−σ + aσ[f2]
∗
aσ[f1] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] a−σ[f2] (dσ)
∗
dσ (d−σ)
∗
d−σ
R98 = aσ[f2]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] a−σ[f2] (dσ)
∗
dσ (d−σ)
∗
d−σ
R99 = −aσ[f1]∗ aσ[f2] a−σ[f2]∗ a−σ[f1]∗ a−σ[f2] d−σ +
aσ[f2]
∗
aσ[f1] a−σ[f2]
∗
a−σ[f1] a−σ[f2] (d−σ)
∗
R100 = aσ[f2]
∗
aσ[f1]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] a−σ[f2] dσ − aσ[f2]∗ aσ[f1]
aσ[f2] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f1] a−σ[f2] (dσ)
∗
R101 = aσ[f2]
∗
aσ[f1]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f2] dσ d−σ +
aσ[f2]
∗
aσ[f1] aσ[f2] a−σ[f2]
∗
a−σ[f1] a−σ[f2] (dσ)
∗ (d−σ)
∗
R102 = aσ[f1]
∗
a−σ[f1] dσ (d−σ)
∗ + aσ[f1] a−σ[f1]
∗ (dσ)
∗
d−σ
R103 = a−σ[f1]
∗ (dσ)
∗
dσ d−σ − a−σ[f1] (dσ)∗ dσ (d−σ)∗
R104 = aσ[f1]
∗
a−σ[f2]
∗
a−σ[f1] dσ (d−σ)
∗
d−σ −
aσ[f1]
∗
aσ[f2] a−σ[f1] (dσ)
∗
dσ (d−σ)
∗ +
aσ[f2]
∗
aσ[f1] a−σ[f1]
∗ (dσ)
∗
dσ d−σ −
aσ[f1] a−σ[f1]
∗
a−σ[f2] (dσ)
∗ (d−σ)
∗
d−σ
R105 = a−σ[f1]
∗
a−σ[f2] (dσ)
∗
dσ + a−σ[f2]
∗
a−σ[f1] (dσ)
∗
dσ +
aσ[f2]
∗
a−σ[f1] dσ (d−σ)
∗ + aσ[f2] a−σ[f1]
∗ (dσ)
∗
d−σ
R106 = aσ[f1]
∗
a−σ[f2]
∗
a−σ[f1] a−σ[f2] dσ (d−σ)
∗ +
aσ[f1]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f1] (d−σ)
∗
d−σ +
aσ[f1]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f1] (dσ)
∗
dσ +
aσ[f2]
∗
aσ[f1]
∗
aσ[f2] a−σ[f1] dσ (d−σ)
∗ +
aσ[f2]
∗
aσ[f1] a−σ[f1]
∗
a−σ[f2] (d−σ)
∗
d−σ +
aσ[f2]
∗
aσ[f1] a−σ[f1]
∗
a−σ[f2] (dσ)
∗
dσ +
aσ[f2]
∗
aσ[f1] aσ[f2] a−σ[f1]
∗ (dσ)
∗
d−σ +
aσ[f1] a−σ[f2]
∗
a−σ[f1]
∗
a−σ[f2] (dσ)
∗
d−σ
R107 = aσ[f2]
∗
a−σ[f1]
∗
a−σ[f2] dσ (d−σ)
∗
d−σ −
aσ[f2] a−σ[f2]
∗
a−σ[f1] (dσ)
∗ (d−σ)
∗
d−σ
R108 = aσ[f2]
∗
aσ[f2] a−σ[f1]
∗ (dσ)
∗
dσ d−σ −
aσ[f2]
∗
aσ[f2] a−σ[f1] (dσ)
∗
dσ (d−σ)
∗
R109 = aσ[f2]
∗
aσ[f2] a−σ[f1]
∗
a−σ[f2] (d−σ)
∗
d−σ +
aσ[f2]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f1] (d−σ)
∗
d−σ
R110 = aσ[f2]
∗
aσ[f2] a−σ[f1]
∗
a−σ[f2] (dσ)
∗
dσ +
aσ[f2]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f1] (dσ)
∗
dσ
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R111 = aσ[f1]
∗
aσ[f1] (d−σ)
∗
d−σ
R112 = aσ[f1]
∗
aσ[f1] a−σ[f2]
∗ (dσ)
∗
dσ d−σ −
aσ[f1]
∗
aσ[f1] a−σ[f2] (dσ)
∗
dσ (d−σ)
∗
R113 = aσ[f1]
∗
aσ[f1] aσ[f2] a−σ[f2]
∗ (dσ)
∗
d−σ +
aσ[f2]
∗
aσ[f1]
∗
aσ[f1] a−σ[f2] dσ (d−σ)
∗
R114 = aσ[f1]
∗
aσ[f1] (dσ)
∗
dσ (d−σ)
∗
d−σ −
aσ[f1]
∗
aσ[f1] a−σ[f2]
∗
a−σ[f2] (dσ)
∗
dσ
R115 =
∫
aσ[δk]
∗
aσ[δk]ǫ[k] dk
R116 = −aσ[ǫ[f2]]∗ dσ (d−σ)∗ d−σ + aσ[ǫ[f2]] (dσ)∗ (d−σ)∗ d−σ
R117 = aσ[f2]
∗
aσ[ǫ[f2]] (d−σ)
∗
d−σ + aσ[ǫ[f2]]
∗
a−σ[f2] dσ (d−σ)
∗ +
aσ[ǫ[f2]]
∗
aσ[f2] (d−σ)
∗
d−σ + aσ[ǫ[f2]] a−σ[f2]
∗ (dσ)
∗
d−σ
R118 = aσ[f2]
∗
aσ[ǫ[f2]] a−σ[f2]
∗ (dσ)
∗
dσ d−σ −
aσ[ǫ[f2]]
∗
aσ[f2] a−σ[f2] (dσ)
∗
dσ (d−σ)
∗
R119 = −aσ[f2]∗ aσ[ǫ[f2]] a−σ[f2] (dσ)∗ dσ (d−σ)∗ +
aσ[ǫ[f2]]
∗
a−σ[f2]
∗
a−σ[f2] dσ (d−σ)
∗
d−σ +
aσ[ǫ[f2]]
∗
aσ[f2] a−σ[f2]
∗ (dσ)
∗
dσ d−σ −
aσ[ǫ[f2]] a−σ[f2]
∗
a−σ[f2] (dσ)
∗ (d−σ)
∗
d−σ
R120 = aσ[f2]
∗
aσ[ǫ[f2]]
∗
aσ[f2] a−σ[f2] dσ (d−σ)
∗ +
aσ[f2]
∗
aσ[ǫ[f2]] aσ[f2] a−σ[f2]
∗ (dσ)
∗
d−σ
R121 = −aσ[f2]∗ aσ[ǫ[f2]] (dσ)∗ dσ (d−σ)∗ d−σ +
aσ[f2]
∗
aσ[ǫ[f2]] a−σ[f2]
∗
a−σ[f2] (dσ)
∗
dσ −
aσ[ǫ[f2]]
∗
aσ[f2] (dσ)
∗
dσ (d−σ)
∗
d−σ +
aσ[ǫ[f2]]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f2] (dσ)
∗
dσ
R122 = aσ[f2]
∗
aσ[ǫ[f2]] a−σ[f2]
∗
a−σ[f2] (d−σ)
∗
d−σ +
aσ[ǫ[f2]]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f2] (d−σ)
∗
d−σ
R123 = −aσ[f2]∗ aσ[ǫ[f2]]∗ aσ[f2] dσ (d−σ)∗ d−σ +
aσ[f2]
∗
aσ[ǫ[f2]] aσ[f2] (dσ)
∗ (d−σ)
∗
d−σ +
aσ[f2]
∗
aσ[ǫ[f2]]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f2] dσ (d−σ)
∗
d−σ −
aσ[f2]
∗
aσ[ǫ[f2]] aσ[f2]
a−σ[f2]
∗
a−σ[f2] (dσ)
∗ (d−σ)
∗
d−σ
R124 = aσ[f2]
∗
aσ[ǫ[f2]] a−σ[f2] (dσ)
∗
dσ (d−σ)
∗ −
aσ[ǫ[f2]]
∗
aσ[f2] a−σ[f2]
∗ (dσ)
∗
dσ d−σ
R125 = aσ[f2]
∗
aσ[ǫ[f2]] a−σ[f2]
∗
a−σ[f2] (dσ)
∗
dσ (d−σ)
∗
d−σ +
aσ[ǫ[f2]]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f2] (dσ)
∗
dσ (d−σ)
∗
d−σ
R126 = aσ[f2]
∗
aσ[ǫ[f2]] (dσ)
∗
dσ (d−σ)
∗
d−σ +
aσ[ǫ[f2]]
∗
aσ[f2] (dσ)
∗
dσ (d−σ)
∗
d−σ
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R127 = aσ[f2]
∗
aσ[ǫ[f2]]
∗
aσ[f2] a−σ[f2]
∗
a−σ[f2] dσ (d−σ)
∗
d−σ −
aσ[f2]
∗
aσ[ǫ[f2]] aσ[f2]
a−σ[f2]
∗
a−σ[f2] (dσ)
∗ (d−σ)
∗
d−σ
R128 = aσ[f1]
∗ dσ − aσ[f1] (dσ)∗
R129 = aσ[f1]
∗ a−σ[f2]
∗ dσ d−σ + aσ[f1] a−σ[f2] (dσ)
∗ (d−σ)
∗
R130 = aσ[f2]
∗ aσ[f1] a−σ[f2] (d−σ)
∗ − aσ[f1]∗ a−σ[f2]∗ a−σ[f2] dσ
−aσ[f1]∗ aσ[f2] a−σ[f2]∗ d−σ + aσ[f1] a−σ[f2]∗ a−σ[f2] (dσ)∗
+aσ[f1]
∗ a−σ[f2]
∗ a−σ[f2] dσ (d−σ)
∗ d−σ − aσ[f1] a−σ[f2]∗ a−σ[f2] (dσ)∗ (d−σ)∗ d−σ
R131 = aσ[f2]
∗ aσ[f1] (dσ)
∗ dσ (d−σ)
∗ d−σ + aσ[f1]
∗ aσ[f2] (dσ)
∗ dσ (d−σ)
∗ d−σ
R132 = −aσ[f2]∗ aσ[f1]∗ aσ[f2] a−σ[f2]∗ a−σ[f2] dσ + aσ[f2]∗ aσ[f1] aσ[f2] a−σ[f2]∗ a−σ[f2] (dσ)∗
R133 = aσ[f2]
∗ aσ[f1]
∗ aσ[f2] a−σ[f2]
∗ dσ d−σ + aσ[f2]
∗ aσ[f1] aσ[f2] a−σ[f2] (dσ)
∗ (d−σ)
∗
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∂tR26 = (R23 − 2P26Γ12)
∂tR27 = R25
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∂tR105 = (2R46 − 2R103 +R107 +R108 + (−P5 + P6 − P11 + P12)ω12)
∂tR106 = (−2R52 − 2R104 +R5ω12 + 2R9ω12 +R10ω12 − R44ω12 +R108ω12)
∂tR107 = (−R37 +R109)
∂tR108 = (R110 − 2P24ω12)
∂tR109 = (−R46 +R63 −R107)
∂tR110 = (−R108 + (P20 − P22)ω12)
∂tR111 = (R112 − R2ω12)
∂tR112 = (R113 − 2R114)
∂tR113 = (−R32 +R45 +R48 +R70 − R78 −R79 − R9ω12)
∂tR114 = (R32 − R48 −R70 +R79 +R112)
∂tR115 = R116
∂tR116 = (−R117 + 2P7Γ2)
∂tR117 = (2R116 + 2R118 +R119 + (−P5 + P6 − P11 + P12)Γ2)
∂tR118 = (R120 +R121)
∂tR119 = (R121 +R122 − 2P26Γ2)
∂tR120 = (−R118 +R123 + (−P20 + P22)Γ2)
∂tR121 = (−2R118 +R123 + 2R124)
∂tR122 = (−R119 −R124 + (−P21 + P23)Γ2)
∂tR123 = (−R120 −R125 +R126 − 2(P24Γ2 −R14Γ2))
∂tR124 = −R121
∂tR125 = R127
∂tR126 = (R118 − R123 − R124 +R127)
∂tR127 = (−R125 + 2R14Γ2)
∂tR128 = R3 +R129 − 2P7ω12
∂tR129 = −R9 +R130
∂tR130 = −R12 − 2R129 +R131 −R133
∂tR131 = R4 −R9 − R10
∂tR132 = R13 − R133 − 2R14ω12
∂tR133 = R11 +R132
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